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Abstract

We calculate the ground state energies of a system of electrons in one-dimensional infinitely deep square
well potentials. We analyze the cases when the wells are regularly spaced and when they are clustered
together to form one single large well. These potentials are intended to physically describe the interaction
of electrons and nuclei in a continuum model. We investigate which potential yields the minimum ground
state energy using elements of interpolation potential in quantum mechanics derived from first principles.
We also mention models of crystalline formation that are related to this problem.

PACS { 73.21.Fg, 73.22 Dj

Volume 28, Number 1 Article Number : 6. www.physed.in



Ground states of continuum models

Oscar Bolina
Kaplan Shinyway Owverseas Pathway College,
387 Zhishan Road, Binjiang District, HangZhou 310053
(Dated: July 2, 2009)

We calculate the ground state energies of a system of electrons in one-dimensional
infinitely deep square well potentials. We analyze the cases when the wells are
regularly spaced and when they are clustered together to form one single large well.
These potentials are intended to physically describe the interaction of electrons and
nuclei in a continuum model. We investigate which potential yields the minimum
ground state energy using elements of interpolation potential in quantum mechanics
derived from first principles. We also mention models of crystalline formation that

are related to this problem.
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I. INTRODUCTION

We study a system of electrons in infinitely deep square well potentials in two situations. In the first situatior
the potential consists of M regularly spaced wells, each of them having the form
0 for —1)(b+a)< z <jb+a)—a \
Vi) = (J=1(b+a) j(b+a) (1
oo for z=(j—1)(b+a) and z=j(b+a)—a
for j=1,2,3,..., M.
In the second situation, the M wells are all clustered together forming one single large well. The corre

sponding potential is

0 for 0< a2z <M(b+a)—a |
Ve(z) = (2
oo for =0 and = M(b+a)—a.
The potential (1) is intended to represent electrons bound to individual nuclei arranged in an orderly pattern

whereas potential (2) is intended to represent electrons bound to the set of nuclei.

We are interested in the ground state of a system of N electrons in potentials (1) and (2), and we would like



Y

to compare the ground state energies in these potentials in order to determine whether the lowest grounc
state energy corresponds to the configuration of potential (1) or of potential (1). The ordered arrangement
of potential (1) is interpreted as corresponding to crystallization or existence of a period ground state.
This is a very simplified version of a much broader problem of understanding crystallization in continuun
models and of determining whether crystallization is in any way induced by the discrete character of the
lattice models in which this phenomenon has been observed!,?2. At low temperatures, matter displays ¢
crystalline structure. The particles of matter are arranged in an orderly pattern that is repeated throughou
the material. This arrangement is associated with a minimum energy of the system.

One of the lattice model of crystalline formation is the Falicov-Kimball model. This a lattice model ir
which ions are fixed at the lattice sites and spinless electrons move about and interact with the ions only
when they both happen occupy the same site. There is no interaction between electrons. For certain values
of the ion-electron interaction and for certain values of the number of particles present, the ions display ¢
checkerboard pattern in the ground state of the model. This regular configuration of the ions is associatec
with the existence of periodic ground states. See® for details and further results on this model.

In the present case, the question is immediately raised whether it is legitimate to compare ground state
energies for two different potentials. It is clear that if we consider two energy states for the same potential
then the state with lower energy is the ground state. We show that the comparison of ground state energies
in this case is meaningful. The key ingredient is a varying parameter that will provide a transition from
potential of Eq. (2) to that of Eq. (1) thus allowing for the comparison of ground state energies. This is
carried out in section II.

Next in section IIT we find that the ground state energy for potential (1) is always higher than that
for potential (2) and hence the minimum ground state energy does not correspond to the arrangement o

electrons in potential (1).

II. THE INTERPOLATION POTENTIAL

The comparison of energies for the different potentials of Egs. (1) and (2) is meaningful because the potentia
Vi, shown in Fig. 1 interpolates between these two cases, with h — oo being potential (1) and A — 0 being

potential (2).

For electrons on an interval [p,q|, let ‘Hp, 4 be the Hilbert space of single-electron states. For spinles:s
electrons, Hp, g = L?([p, q], dz). Tt follows that for finite h single-electron states under the potential of Fig

1 lie on Hjpop1a) = L? ([0,2b+ a],dz), and a vector state of a system of N electrons will lie on the closec



| 2b+a
FIG. 1: This potential interpolates between potentials of Eqs. (1) and (2) when

M = 2 as the height A is sent to infinity or zero respectively.

antisymmetric subspace Hfg’% ] of

Hf(\)[,QbJra] = ﬁ[0,2b+a] & - - - ® H[0,2b+al~
N t},mes
For N normalized single-electron states W3 € Hjg 2p4q) for v = 1,2, ..., N the anti-symmetrization operator
A is given by
A(\Iﬂil@ o e ®\I/aN — Z \I/w(l)® L. ®\Ijz7r(1)7 (3)
TI'ESN

where Sy is the permutation group of N elements and €, equals 1 according to the parity of 7. In coordinate

space the wave-function for a system of N electrons is given by the well-known Slater determinant

\Ijg(xla Y Z -V 7r<1) xl ® - - ®\Ijzﬁ(l>($N) : (4)

7TESN

If HY is the Hamiltonian of N non-interacting electrons under the potential of Fig. 1, then H}¥ acts in the

antisymmetric subspace H []37 o+ B

Z]l@ RLOH,®1®---®1,
h\,_/

v—1 times N—v times

where Hj, is the single-electron Hamiltonian (without spin interactions)
H), = ——V°4+V,, d
h 2 + Vh (5)

acting on Hj, 2544, With p being the mass of the electron.



What happens now when the limit A — oo is taken? If U) € H|p 95+4) is a normalized wave-function of ¢
single electron under the potential Vj, of Fig. 1 then, when h — 0o, due to exponential damping of ¥§ or
the interval [b,b + a], one has

L (6
where ¢¢ for i = 1,2 are the normalized wave-functions defined in each of the potential wells obtained fron

Fig. 1 after h goes to infinity.

According to our notation ¢¢ lies on Hjo s and @5 lies on Hjpiq, 2544)- Due to the normalization conditior
in (6), the coefficients satisfy |c¢f|* + |c5|*> = 1. According to our notation, ¢$ lies on Hjoy and @3 lies or
Hip264+q)- Both Higy and Hpop4a) are closed orthogonal subspaces of H2p44 and the sums in (6) can be
interpreted as direct sums.

On the other hand, the single-electron Hamiltonian Hj in (5) converges, in the limit h — oo, to a direct

sum H;, = H, + H; acting on Hjo ) © Hp20+q), Where Hy and H; are the single-electron Hamiltonians —;L—; dd;

restricted, respectively, to the intervals [0,b] and [b, 2b + a].

The crucial observation to make is that if U§ are normalized eigenstates of Hy, i.e. HpVj = EpU§, ther
it is not necessarily true that the states ¢ in (6) are eigenstates of H;. However, due to the exponentia

damping of U§ on the interval [b, b+ a] that, in the limit h — oo,

By = (U5, HyWy) — |71 (67 Hig?) + |e5]? (95 Ha) (7
where the right-hand side above is a convex linear combination of the expectation values (¢ H;¢f) anc
(95 Ha203).

It now follows that in the resulting symmetric potential of Fig. 1 obtained after taking the limit h —

we have Ef = (¢¢H,19%) = ES = (¢5H295) = E“, so that

Ep = (W5, HyWy) — (97 Higf') = E°. (8
For the case of multi-particle states A (V5! ®@ - -- ® UyV), with W} being eigenstates of Hy,, the total energy
is S  E?. In this case, (7) now converges, as h — 00, to

N N
ST B — B[l )+l P ey, Haog)
v=1 v=1

The same observations made above about ¢$ being eigenstates and the fact that the resulting potentials are

symmetric now lead, when h — oo, to

N N N
By =Y Ey — ) (6t Hig) =) E™. (9
v=1 v=1 v=1



The results (8) and (9) allow us to obtain a lower bound to Ej' by taking respectively the minimum valuc
of E* and E® in these expressions. The important point is that the minimum value of the right-hanc
side of (9) is exactly the energy of the system of electrons which is obtained by successively filling up the
single-electron energy levels of potential of Eq. (1) from the lowest levels up in each infinite well (Sectior

I11).

This lower bound to the energy of the system of electrons for the potential of Eq. (1) will be comparec
with an upper bound to the energy of the system of electrons for the potential of Eq. (2) (the case h =0
to show that the energy of the electrons is minimized for the potential V.. Since the parameter h provide:
a smooth transition from the potential of Eq. (1) to the potential of Eq. (2) when it varies from zero tc

infinity, we are justified in comparing system energies in the two different potentials.

III. THE GROUND STATE ENERGIES

The corresponding single-electron energies for the potential Eq. (1) are given by?

o= (5)e w0
for ¢ = 1,2,3,..., where b is the length of each well, k¥* = 2u/h?, and p is the mass of the electrons. The
ground state energy of a system of N electrons in potential (1) is the sum of the lowest energies in Eq. (10
in each well. In this case, it is convenient to write the total number of electrons as N = nM + m for integer:
n and m, where m (m < M) is the remaining number of electrons after each of the M wells have been fillec
with n electrons.
The ground state energy is then

3 2

E, = <%>Z[M<%+%+%>—I—m(n+l)2 . (11

Eq. (11) says that after n electrons have been distributed in the M wells, each of the remaining m electrons

will be placed on the next higher energy level.

The single-electron energies for the potential of Eq. (2) admit upper bounds given by

T \2 5 ‘
c=(—— 12
‘ (Mk:b)q (12
forq=1,2,3,....

The ground state energy of a system of N electrons is again the sum of the successive lowest energies ir



Eq. (12). We obtain JUR
2
== (im) (55 %)

By substituting N = nM + m into the above equation, we write

E_<7r>2 M 3+2m—|—1 2+1—|r6m—|—6m2 +m+3m2+2m3
=\ 13" T2 " 6M 60> '

To compare the ground state energies, we calculate AE = E, — E. and obtain

5 = (5 (5 ) ] (g (5 4 42
= () ot +m+2),

where

1
= (M -1
z =5l )
is always positive for M > 1,

m> m 1  M’+6m(M—1)+6m(M—m)—1

6 MM 6M G >0

under the conditions M > 1 and m < M, and

m+3m®+2m?  6mM? — (2m® + 3m* + m) - m (M? —m?)

6?2 e M2 >0

Z=1m —

for M > 1 and m < M.

We thus conclude that AE in Eq. (14) is a positive quantity and the energy of the system for Eq. (2) i

always lower than for Eq. (1) for all values of the parameters n, M and m under the given conditions of the

problem.

The potentials studied here are of course too simple to answer the fundamental question of crystallizatior

in continuum models. Important interactions have been left out (this is also true of more elaborate models

as the Falicov-Kimball model). But they do allow for a definite answer to the problem posed within the

simplified assumptions made.
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