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Abstract

Physics teachers always face great difficulties in introducing the many component nature of
tensors to students. This article is intended to help the instructors with some convincing
examples of more than 3 component physical quantities. We will also show that tensor
nature of many physical quantities are both medium and interacting physical quantity
dependent.

1 Introduction

For many physics students physical quantities
having 30 components are scalars, 31 compo-
nents are vectors and physical quantities hav-
ing 32 or more than 9 components are tensors
each obeying different mathematics. In class
rooms we could suggest good and convincing
examples for scalars and vectors but exam-
ples for 9 or more component physical quanti-
ties are rarely discussed except moment of in-

ertia or conductivity[1][2]. Many books give
only explicit derivation for nine component
moment of inertia[1] and some other exam-
ples like Maxwell stress tensor[2](where ma-
trix form is not given) among non relativistic
systems. In relativistic cases electromagnetic
field tensor which is a second rank in 4 dimen-
sional world, is a comfortable physical quan-
tity to be introduced but we deal with it only
in postgraduate classes. Tensor form of stress
and strain[3] is always beyond the scope of
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undergraduate classes. Thus the teachers are
always forced to say that all anisotropic me-
dia are sources of tensorial nature of many
physical properties without good and con-
vincing examples. Here in this article we
show how anisotropy lead to the tensor na-
ture of many physical quantities by taking
the example of the passage of an electromag-
netic wave through an anisotropic medium.
We also show that the conductivity tensor
for an electron passing through a conductor
under electric and magnetic field will be dif-
ferent from the conductivity tensor when a
plane electromagnetic field is passing through
a conducting medium.The present approach
is novel by giving a direct technique in deriv-
ing the tensor nature of some physical quan-
tities.

A simple physical tensor

Consider a plane wave and let us find how
electric field of the plane electromagnetic
wave is related to magnetic field. We usually
say they are mutually perpendicular or they
propagate with velocity 3×108m/s etc. Now
let us check how they are related mathemat-
ically from Maxwell’s equations. Faraday’s
law gives the relation between changing elec-
tric and magnetic field as

∇× ~E = −∂ ~B

∂t

For a plane electromagnetic wave

~E = ~E0e
j(~k.~r−ωt)

and
~B = ~B0e

j(~k.~r−ωt)

where ~E is the electric field, ~B is the mag-
netic field, j represents complex number, ω
is the angular frequency, ~k is the wave vec-
tor, t is the time, ~E0 and ~B0 are the complex
magnitudes of electric and magnetic fields.
Then∇ operation will give j ~k and ∂

∂t
will give

−j ω. Substituting these operators Faraday’s
law becomes

~k × ~E = ω ~B

Expanding component wise we get

ωBx = 0 +−kz Ey + ky Ez

ωBy = kz Ex + 0− kx Ez

ωBz = −ky Ex + kx Ey + 0

This can be represented in matrix form as

ω





Bx

By

Bz



 =





0 −kz ky
kz 0 −kx
−ky kx 0









Ex

Ey

Ez





This shows that actually ~B is coupled to ~E in
a plane electromagnetic wave through a sym-
metric tensor. If the propagation direction is
one dimension say z-direction then we get

ω





Bx

By

Bz



 =





0 −kz 0
kz 0 0
0 0 0









Ex

Ey

Ez





and if we have a plane polarized wave with
electric field in x-direction we get

By =
Ex

c

the well known relation between the magni-
tude of electric and magnetic fields.
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Tensors

Let us now find the tensor form of various
electromagnetic physical quantities. The ba-
sic equations where tensors come in electro-
dynamics are ~J = σ ~E, ~B = µ ~H, ~P = α~E,
~M = χ ~H and ~D = ǫ ~H, where ~J is the cur-
rent density, σ is the conductivity ~E is the
electric field, ~B is the magnetic field, µ is the
permeability, ~H is the magnetizing field, ~P
is the polarization, α is the polarisability, ~M
is the magnetization, χ is the susceptibility
, ~D is the displacement vector and ǫ is the
permittivity.

Maxwell’s equations for plane

waves

The Maxwell’s equations[ME] for a material
medium which is magnetic, dielectric and
conducting with sources are

∇. ~D = ρ

∇. ~H = 0

∇× ~E = −∂ ~B

∂t

∇× ~B = µ0

(

~J +∇× ~M +
∂ ~P

∂t
+ ǫ0

∂ ~E

∂t

)

where ~H =
~B
µ0

− ~M and ~D = ǫ0 ~E + ~P and ρ
is the charge density. We will require for our
purpose only last two equations which can be
modified as

∇× ~E = −∂ ~B

∂t

∇× ~H =

(

~J +
∂ ~D

∂t

)

For plane waves the ME’s will become

~k × ~E = ω ~B

j~k × ~H = ~J − jω ~D

From these two ME’s we can obtain the ten-
sor form of µ, σ, ǫ, χ and α. The technique
is that if we want µ which is linked with
the magnetic property, we will take dielectric
and electrical quantities ~P and ~J as zero and
rewrite the ME’s equations component wise
which will naturally yield the tensor form of
µ. Similarly we can find the components of
all the linking or bridging tensors by suitable
elimination of some unrelated quantities. We
will do them one by one. Let us first find
permeability tensor.

Permeability tensor

While finding permeability tensor we are only
interested in a magnetic medium. So ~P = 0
and ~J = 0. Then the Maxwell’s equations
become

~k × ~E = ω ~B

~k × ~H = −ω ~D

Here ~D = ǫ0 ~E. Then ME’s modify as

~k × ~H = −ωǫ0 ~E

which gives

~E = −
~k × ~H

ωǫ0
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Substituting we get

~B = −
~k × ~k × ~H

ω2ǫ0

Expanding component wise and taking µ =
µ0 µr we get the permeability tensor

µr =
1

ω2ǫ0 µ0





k2 − k2
x −kx ky −kx kz

−ky kx k2 − k2
y −ky kz

−kz kx −kz ky k2 − k2
z





Then each element of the permeability tensor
can be written as

µrij =
1

ω2 µ0 ǫ0
[k2δij − ki kj]

But for a magnetic medium the magnitude of
wave vector

k =
ω

c

√
µr

Then we get

µr =





µrr − µrx −µrx µry −µrx µrzy

−µry µrx µrr − µry −µry µrz

−µrz µrx −µrz µry µrr − µrz





Thus the nature of permeability tensor as a
nine component physical quantity is exhib-
ited naturally. Similarly we can very easily
get all other tensors related to electromag-
netism.

Permittivity Tensor

For a pure dielectric medium ~M = 0 and ~J =
0. Then we get

~D = −
~k × ~k × ~E

ω2µ0

which on expansion will give





Dx

Dy

Dz



 =

1

ω2µ0





k2 − k2
x −kx ky −kx kz

−ky kx k2 − k2
y −ky kz

−kz kx −kz ky k2 − k2
z









Ex

Ey

Ez





Then permittivity tensor will be

ǫr =
1

ω2ǫ0 µ0





k2 − k2
x −kx ky −kx kz

−ky kx k2 − k2
y −ky kz

−kz kx −kz ky k2 − k2
z





In general

ǫrij =
1

ω2 µ0 ǫ0
[k2δij − ki kj]

But for a pure dielectric medium k = ω
c

√
ǫr

and we will get

ǫr =





ǫrr − ǫrx −ǫrx ǫry −ǫrx ǫrz
−ǫry ǫrx ǫrr − ǫry −ǫry ǫrz
−ǫrz ǫrx −ǫrz ǫry ǫrr − ǫrz





Polarisability Tensor

Here ~M = 0 and ~J = 0. Taking ~D = ǫ0 ~E+ ~P

~k × ~H + ω(ǫ0 ~E + ~P ) = 0

and substituting for ~H

~P = −
~k × ~k × ~E

ω2µ0

− ǫ0 ~E

This gives the polarisability components as

αij =
1

ω2 µ0

[(k2 − ǫ0ω
2µ0)δij − ki kj ]
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Conductivity Tensor

Taking ~M = 0 and ~P = 0 we get

~J = j
~k × ~k × ~E

ω2µ0

+ ωǫ0 ~E

which on expansion will give

σij =
j

ω2 µ0

[(ω2ǫ0µ0 − k2)δij − ki kj]

Here conductivity tensor components will be
complex which accounts for the damping of
the plane wave inside the conductor[4]

Magnetic susceptibility Tensor

As done earlier taking ~P = 0 and ~J = 0 we
can find susceptibility tensor which will be
given by

χij =
1

ω2 µ0ǫ0
[(k2 − ω2ǫ0µ0)δij − ki kj]

Discussion

Thus we could obtain the tensor form of some
electrodynamic quantities. But these tensor
forms are not only medium dependent but
also depend on the interacting quantities and
external fields acting on the medium. For
tensors like moment of inertia, stress or strain
they are medium dependent. We will prove
this with an example given below. Consider
an electron traveling in a conductor under
the action of an electric and magnetic field.
When there is equilibrium electron will be

having a drift velocity v and the force act-
ing on the electron given by Lorentz force is

qE+ qv ×B =
mv

τ
where q is the charge of the electron and τ is
the time between two consecutive collisions.
Let ne2τ

m
= C where C is a constant. Replac-

ing v by J

−ne
and substituting for µ = eτ

m
we

get
E = C (J− µB× J)

Let us assume that magnetic field is applied
in the z direction and putting Bz = B we get




Ex

Ey

Ez



 = C





1 µB 0
−µB 1 0
0 0 1









Jx
Jy
Jz





This is
E = ρJ

where ρ is the resistivity tensor with nine
components. In the absence of magnetic field

ρ = C

the scalar conductivity. The conductivity
tensor is given by the inverse of this and is

σ =
1

C





1
1+µ2B2

−µB

1+µ2B2 0
µB

1+µ2B2

1
1+µ2B2 0

0 0 1





Comparing the two expressions for conduc-
tivity we find that the tensor components
are different and they dependent on both
material and the interacting quantity. To
conclude we wish to point out that there
are books[5],[6], [7], [8],[9] to understand and
study tensors but books which give good ex-
amples of tensors from physics point of few
are very rare. This article in an attempt
bridge the gap in that direction.
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