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Abstract

Matrix method in paraxial ray optics is essential for methodical understanding in graduate
physics students. However, there is almost no text book which gives a complete description about the
matrix method of paraxial ray optics, in particular, the mechanism of reflection. So in this article the
matrix method of reflection from plane and curved surfaces will be dealt with in details and for
completeness refraction in optical systems will also be explained.

1. Introduction

Paraxial ray optics is essential for
understanding of geometrical optics especially for
an optical system consisting of several reflecting
and refracting surfaces. Also it is an essential part
of undergraduate physics syllabus. However there
is almost no standard text book [1-5] which gives
a complete description about the matrix method of
paraxial ray optics, in particular, the mechanism
of reflection although in two recent books on
optics [6—7] an introductory outline have been
made. So in this article the matrix method of
reflection from plane and curved surfaces will be
explained in detail and for completeness
refraction at plane surface will also be considered.

2. Basic ideas

A combination of reflecting or refracting
surfaces or a combination of thin lenses or a thick
lens produces an optical system and for lenses it is
called lens system. We take x axis as the axis of
the optical system and configure this system with
small aperture such that only paraxial rays enter
the system. These paraxial rays are very close to
the principal axis (x axis) and make very small
angle with it. For this we take cylindrical

symmetry such that a set of paraxial rays lie in a
plane making same small angle of inclination.

3. Coordinate of a ray
P L

Figure 1

We consider an optical system L and a
paraxial ray PL as shown in figure 1. The
coordinates of point P can be specified by the
distance from the x axis and the inclination of the
ray PL with principal axis (x axis) measured in
counter clockwise direction (for measurement in
the clockwise direction the angle will be
negative). The slope of PL is tand — @ and it
will vary with medium. So we choose a new
coordinate A=putan@ - uf. Thus the

coordinates of the paraxial ray at P will be (4,y),
where y is the distance of point P from x axis or

principal axis and the refractive index of the
medium is g . Of course, the coordinate at L will
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differ inside and outside the optical system
because of refractive index.

4. Translation matrix

Figure 2

We take a paraxial ray PP, specified by
inclination and distance from principal axis (x
axis). The coordinates of P, and P, will be
respectively (4,,y,) and (4,,y,). From geometry
shown in figure 2 the slope of paraxial ray P,P is
same and so for x, —x, =x and for small angles
for paraxial rays we get

tand, =tan b, = ub, = ub, => A, = 4,
Also
Yy =y, +(x, —x))tanf — y, +x6, =y, + x4,/ u
Hence in matrix notation

o

A, A )
Here and are two column matrices
) Vi

defined as the coordinate of the paraxial ray PP,
at points P; and P, respectively. The 2x2 square
1

matrix T ={
x/u

0
J is called translation

matrix. Here x is the translation along x axis of
point P; to point P, and the refractive index of the
medium is . It should be noted that determinant

of translation matrix is unity, i.e. det7 =T |=1.

We can also write the matrix equation as
[2]=T(1].

5. Reflection at a plane surface

We take an incident paraxial ray P;A
which after reflection at A by a plane mirror
produces a reflected ray AP, as shown in figure 3.
From laws of reflection we know the angle of
incidence is equal to the angle of reflection. Also
at the point of incidence P;—A and P,—A. Thus
the angles subtended with dotted line parallel to x
axis by incident and reflected ray will be 6, =i
and 6, =7 —r (or 6, =—r). The negative sign is
due to the fact that angle of incidence and angle of
reflection are measured in the opposite direction
from the x axis or principal axis (angle in counter
clockwise direction measured from the dotted line
is positive while in clockwise direction is
negative). Thus i =r gives

ptani = putanr = ptan @, = ptan(r —6,)
Or, A =-4,

Also V==
Hence in matrix notation

MEHER

A, A )
Here and are two column matrices
Y, N

defined as the coordinate of the paraxial ray PP,
at points P; and P, respectively which are very
close to point A on the reflecting plane surface.

0
The 2x2 square matrix R, z{ 0 J is called

the reflection matrix for plane surface. It should
be noted that determinant of reflection matrix is
negative unity, i.e. detR, =R, |=—1. We can
also write the matrix equation as [2] = R.[1].

This is the essential difference between reflection
and refraction.

6.Reflection at a concave surface

i ﬂ.‘?‘:'_';';-j
2
2 C Py fx
Figure 4
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In case of reflection at a concave spherical
surface we take an incident paraxial ray P;A
which after reflection at A by a spherical mirror
produces a reflected ray AP, (figure 4). Also at
the point of incidence P;—A and P,—A. In this
case we have to measure angles from principal
axis for which a horizontal line is drawn at A.
Thus the angles subtended with dotted line
parallel to x axis by incident and reflected rays

will be i=¢ -6, and r =0, —¢ respectively.Here
¢is the angle subtended by AC, the radius of

curvature with positive direction of x axis or
principal axis. From laws of reflection we know
angle of incidence is equal to angle of reflection
or

tani=tanr =>i=r= u(¢—-06,) = w6, — 9)

Or, w6, =2u¢—ub

Or, Ay ==A +2uy, /R

Here the radius of curvature of the spherical
mirror is R andso ¢=y,/R.

Also Wm=y=y

Hence in matrix notation

R N

-1 2u/R| .
is
0 1

called reflection matrix for concave spherical
surface. It should be noted that determinant of
reflection matrix 1is negative unity 1i.e.
detR, =|R. |=—1. For R—oc we have plane
-1
0
write the matrix equation as [2] = R . [1].

The 2x2 square matrix R, ={

0
reflecting surface and R, :{ J . We can also

7. Reflection at a convex surface

Figure 5
In case of reflection at a convex spherical
surface we take an incident paraxial ray P;A

which after reflection at A by the mirror produces
a reflected ray AP,. Also at the point of incidence
P,—A and P,—A. Here we have to measure
angles from principal axis for which a horizontal
line is drawn at A. Thus from figure 5 the angles
subtended with dotted line parallel to x axis by
incident and reflected ray will be respectively
i=0+(—¢) (¢ 1s measured from the dotted line
in clockwise direction and so negative) or
i=0,+(r—gand  r=(-0,)-(-)(6, s
negative because it is measured in the clockwise
direction)or r=(7—-6,)—(r—¢). Hence from
laws of reflection we know angle of incidence is
equal to angle of reflection or

tani = tanr = tan(6, — @) = tan(—6, + @)

[or, tani = tanr = tan(z + 6, — @) = tan(-6, + ¢) |
Or, 6, —p=—0,+¢

Or, MO, =—ul +2up=> A, =—A +2u, /R
If the radius of curvature of the spherical mirror
be R then ¢=y,/R.

Also  y,=y =y

Hence in matrix notation

y2 - C 1 yl - yl

0 1

called reflection matrix for convex spherical
surface. It should be noted that determinant of
reflection matrix is negative unity i.e.
detR, =|R. |=-1. For R—oc we have plane
-1
0
write the matrix equation as [2] = R . [1].

The 2x2 square matrix R, ={

0
reflecting surface and R, z{ J . We can also

8. Object image relation for spherical
mirror

It is now easy to derive the system matrix
for an object at a distance u from the surface of
the mirror and the corresponding image distance
v in case of reflection at the spherical curved
surface as follows:
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Object —  Translation — Reflection —
Translation — Image
[2]=T,[1]
[3]1= R [2]
[4]=T,[3]
Or, [4]=T,R;[2]=T,R,T,[1]= S[1]
—1+2u/R 2u/R
Here S-=
—v/u+2uv/ uR+u/u 20/ R+1

A | —-14+2u/R 2u/R || A4,
Y, - —v/pu+2uv/ uR+u/p 20/ R+1| y,
2u 2
Thus 2, =(-1+")4 Jr?’“‘y1
2uv v
UR - p
Equating the coefficient of A, to zero (or for axial

u 20
y4:(_+ )/11+(1+_)y1
)7 R

point object and image y, =y, =0) we get

L1 _2_1_p
v u r f

9. Refraction at a plane surface
Pz

Figure 6
We take an incident paraxial ray P;A
which after refraction at A by aplane interface
separating two medium 1 and 2 with refractive

indices respectively x4, and u,, produces a
refracted ray AP,. From laws of refraction we
know Snell’s law is valid. Also at the point of
incidence P;—A and P,—A. Thus the angles
subtended with dotted line parallel to x axis by
incident and reflected ray will be 6 =i and

0, =r. Thus
My SInd = g, sinry = pyi = p,r = A, =4,
Also  y,=y =y

Hence in matrix notation

s

A, A )
Here and are two column matrices
) Vi

defined as the coordinate of the paraxial ray PP,
at points P; and P, respectively. The 2x2 square

1 0
matrix R, =L) J is called the refraction

matrix for plane surface. It should be noted that
determinant of refraction matrix is unity, i.e.

detR, =R, |=1. This gives the difference

between reflection and refraction as stated earlier.
We can also write the matrix equation as
[2] = R[1].

10. Conclusions
It is now a simple task to derive the

refraction matrix for refraction at spherical
surface, the object — image relation, the system
matrix for lens and lens system, so on. All these
are mentioned in the standard text books
mentioned above.

Thisformalism clearly depicts the insight
concept of matrix method of paraxial ray optics
based on the wundergraduate theoretical
knowledge. Emphasis is given so that
undergraduate students can think of new and
novel ideas to increase their skill to create new
and novel problems for proper understanding.
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